A UNIVERSAL METRIC FOR THE CANONICAL BUNDLE OF A 
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DROR VAROLIN 

Dedicated to M. Salah Baouendi on the occasion of his 60th birthday. 

1. Introduction 



In his celebrated work [S-98, S-02_, Siu proved that the plurigenera of any algebraic manifold 
are invariant in families. More precisely, let it : — > B be a holomorphic submersion (i.e., dir 
is nowhere zero) from a complex manifold to the unit disk D, and assume that every fiber 
3£t '■= 7r (i) is a compact projective manifold. Then for every m G N, the function P m : B — » N 
defined by P m (t) := h°(&t, TnK^) is constant. 

Siu's approach to the problem begins with the observation that the function P m is upper semi- 
continuous. Thus in order to prove that P m is continuous (hence constant) it suffices to show that 
given a global holomorphic section s of mK^ , there is a family of global holomorphic sections St 
of SCti for all t in a neighborhood of 0, that varies holomorphically with t and satisfies so = s. 

To prove such an extension theorem, Siu establishes a generalization of the Ohsawa-Takegoshi 
Extension Theorem to the setting of complex submanifolds of a Kahler manifold having codimension 
1 and cut out by a single, bounded holomorphic function. This theorem, which we will discuss below, 
requires the existence of a singular Hermitian metric on the ambient manifold having non-negative 
curvature current, with respect to which the section to be extended is L? . Thus in the presence of 
the extension theorem, the approach reduces to construction of such a metric. 

The case where the fibers 3^ of our holomorphic family are of general type was treated in 
-98j . In this setting, Siu produced a single singular Hermitian metric e~ K for Kx so that every 



m-canonical section is L 2 with respect to e~( m ~ 1 * )K . 

However, in the case where the fibers Xt of our holomorphic family are assumed only to be 
algebraic, and not necessarily of general type, Siu's proof in |S-02| does not construct a single 
metric as in the case of general type. Instead, Siu constructs for every section s oimKx a singular 
Hermitian metric for mK% of non-negative curvature so that s is I? with respect to this metric. 

Definition. Let — > A be a holomorphic family of complex manifolds and SCq the cental fiber 
of X . A universal canonical metric for the pair ( JT, j£o) is a singular Hermitian metric e~ K for the 
canonical bundle K% of X such that for every global holomorphic section s £ H°(%q, mK^ ), 

| s |2 e -(m-l)« < +(XX 

The goal of this paper is to prove that for any holomorphic family X — > A of compact complex 
algebraic manifolds with central fiber the pair (JT, 3£q) has a universal canonical metric having 
non-negative curvature current. To this end, our main theorem is the following result. 

Theorem 1. Let X he a complex manifold admitting a positive line bundle A — » X , and Z C X a 
smooth compact complex submanifold of codimension 1. Assume there is a subvariety V C X not 
containing Z such that X — V is a Stein manifold. Let T G H°(X,Z) be a holomorphic section of 
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the line bundle associated to Z, thought of as a divisor. Let E — > X be a holomorphic line bundle 
and denote by Kx the canonical bundle of X. Assume we are given singular metrics e~ v>E for E 
and e - *^ for the line bundle associated to Z . 

Suppose in addition that the above data satisfy the following assumptions. 

(R) The metrics e~ LpE and e"^ 2 restrict to singular metrics on Z . 
(B) 

sup \T\ 2 e Vz < +00. 
x 

(G) The line bundles p{Kx + Z + E) + A, < p < m — 1, are globally generated, in the 
sense that a finite number of sections of H°(X,p(Kx + Z + E) + A) generate the sheaf 
Ox{p{K x + Z + E)+A). 

(P) \/—lddifE > and there exists a constant fi such that \i\[—\dd<pE > —lddipz ■ 

(T) The singular metric e~^ z+ipE ^\Z has trivial multiplier ideal: 

J?(Z, e -^ z+lpB) \Z) = O z . 

Then there is a metric e~ K for Kx + Z + E with the following properties: 
(C) V^lddK > 0. 

(L) For every m > and every section s G H°(Z,m(K z + E\Z)), \ s \^ e -{(^-^)^+'fiE+-f>z) i s 
locally integrable. 

(I) For every integer m > and every section s G H°(Z,m(Kz + E)), 

I | s |2 e -(m-l)K+^ < +00 . 

Jz 

Remarks. (i) For the ambient manifold X, we have in mind the following two examples: 
either X is compact complex projective (in which case the variety V could be taken to be 
a hyperplane section of some embedding of X) or else X is a family of compact complex 
algebraic manifolds. In the former case, it is well-known that the hypothesis (G) holds for 
any sufficiently ample A, while in the latter case, one might have to shrink X a little to 
obtain (G). Of course, there are many other examples of such X. 
(ii) Note that in condition (L), the local functions | s | 2 e -(( m ^ 1 ) K + 1 Ps+¥'z) depend on the local 
trivializations of the line bundles in question. However, the local integrability condition is 
independent of these choices. 

Together with a variant of the Ohsawa-Takegoshi Theorem (Theorem 0] below), Theorem ^ 
implies a generalization of Siu's extension theorem to the case where the normal bundle of the 
submanifold Z is not necessarily trivial. The first extension theorem of this type was established 
by Takayama |Ta-05| Theorem 4.1] under some additional hypotheses. The general case was done 
in |V-f)6j . where Theorem 0] was also established. The argument here is related to that of |V-06| . 
but the focus is on construction of the metric rather than on the extension theorem. 

As a result of Theorem we have the following corollary, which is our stated goal. 

Corollary 2. For every holomorphic family — > A of smooth projective varieties with central 
fiber 3£q, the pair (JiT, J^o) has, perhaps after slightly shrinking the family, a universal canonical 
metric having non-negative curvature current. 

Proof. Let X be a family of compact projective manifolds it : — > D, and Z = <5&o the central fiber. 
Take T = tt, E = 0% and (fE = 0. Since ^0 is cu t ou t by a single holomorphic function, the line 
bundle associated to ^0 is trivial. Take ipz = 0. Then the hypotheses of Theorem ^ are satisfied, 
perhaps after shrinking the family, and we obtain a metric e~ K for Kx such that \/—lddn > and 
| s |2 e -(m-i)re m j s integrable for every integer m > and every section s £ H (^o,mK^- ). □ 
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Remark. Note that in the setting of families, the constant ji is not needed, and the hypotheses 
(L) and (I) are the same. 

Remark. In his paper |Ts-02| . Tsuji has claimed the existence of a metric with the properties 
stated in Corollary |2J As in our approach, Tsuji's proof makes use of an infinite process. It seems 
that convergence of this process was not checked; in fact, it is demonstrated in |S-02| that Tsuji's 
process, as well as any reasonable modification of it, diverges. 

Proposition 3. For each integer m > 0, fix a basis s^, lJ ofH°(X,m(K z + E\Z)). Choose 
constants e m such that the metric 



«0 := log \J2 £m [^2 



( m )|2 1 



S 

m=l \l=l 

is convergent. Suppose e~ VE is locally integrable. Then for each m > and every s S H°(X, m(Kz+ 
E\Z)), 

' | s |2 e -((m-l)«o+^) < +oc> 

, i \ 1/m 

Td=x\s\ Tj • Note that e- K0 < 

e _K °' m , and thus we have 

s \2 e -(m-l)Ko+'PE < / | s |2 e -(m-l)Ko,m+'/'B 

z ~ Jz 



lsl 2/m 



\ (m-l)/m 



7 \ | e ( m )|2 i i |J m )|2 

z \\s l | + ... + \s N \ t 



< I \ S \ 2 / m e yE-<PE e -lE 



1/m / p \ (m— l)/m 

< I I \s\ 2 'e lE ~ tfE ' e~ miE ^ w ~( n_1 )( m_1 ) ] ( / e lE ~ LpE u n ~ 1 



where a; is a fixed Kahler form for Z and e 7z is a smooth metric for E\Z. The last inequality is 
a consequence of Holder's Inequality. Since e~^ E is locally integrable, we are done. □ 

A calculation similar to the proof of Proposition |3] shows that \s\ 2 e~^ Tn ~ 1 ' >Ka+if ' z+ipE ^ is locally 
integrable on Z. Thus in view of Proposition |21 Theorem ^ follows if we construct a metric e~ K 
with non-negative curvature current such that e~ K \Z = e~ K ° . This is precisely what we do. We 
employ a technical simplification, due to Paun |P-05j . of Siu's original idea of extending metrics 
using an Ohsawa-Takegoshi-type extension theorem for sections. 
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2. The Ohsawa-Takegoshi Extension theorem 



Let Y be a Kahler manifold of complex dimension n. Assume there exists an analytic hypersurface 
V C Y such that Y — V is Stein. Examples of such manifolds are Stein manifolds (where V is 
empty) and projective algebraic manifolds (where one can take V to be the intersection of Y with 
a projective hyperplane in some projective space in which Y is embedded). 

Fix a smooth hypersurface Z C Y such that Z V. In |V-06j we proved the following general- 
ization of the Ohsawa-Takogoshi Extension Theorem. 

Theorem 4. Suppose given a holomorphic line bundle H — > Y with a singular Hermitian metric 
e~^ , and a singular Hermitian metric e"^ 2 for the line bundle associated to the divisor Z, such 
that the following properties hold. 

(i) The restrictions e~^\Z and e~ Lpz \Z are singular metrics. 

(ii) There is a global holomorphic section T G H°(Y,Z) such that 

Z = {T = 0} and sup |T| 2 e~ vz = 1. 

Y 

(iii) \/—lddip > and there is an integer /i > such that ^—Iddij) > \J — lddipz- 
Then for every s G H°(Z, Kz + H) such that 

[\s\ 2 e-^<+oo and s A dT G ^(e~^ tpz+ ^\Z), 
Jz 

there exists a section S G H°(Y, Ky + Z + H) such that 

S\Z = sAdT and [ \S\ 2 e~^ z+ ^ < 40tt// f \a\ 2 e^. 

Jy Jz 

3. Inductive construction of certain sections by extension 

Fix a holomorphic line bundle A — * X such that the property (G) in Theorem ^ holds. 
Let us fix bases 

{& («MM0 .i<j<M p } 

of H°(X,p(K x + Z + E) + A). We let a { p°' p) E H°(Z,p(K z + E\Z) + A\Z) be such that 

~(m >0 ,p)\ z = a (m,0,p) A(cff) ®p 

We also fix smooth metrics 

e _7z and e~ 7B for Z -»■ X, and £ -> X 

respectively. Finally, let us fix bases 

4 m) ,-,s£ for F°(X,m(K z + £|Z)), m = l,2,.., 

orthonormal with respect to the singular metric [oj~^ n ~ l ) e~' 1E ) m ~ l e^ LpE for (m — l)Kz + mE\Z. 
(Since e _I/3£; is locally integrable, every holomorphic section is integrable with respect to this metric.) 

Proposition 5. For each m = 1,2, ... there exist a constant C m < +oo and sections 

~{m,k, P ) € F o (X) (km+p)(K x + Z + E)+A) 
where p = 1,2, m — 1, 1 < j < M p , 1 < £ < N m and k = 1,2, with the following properties. 
(a) a\ m /^\Z = (4 m) )® fc ® aj m ' M A (tff)( fcm +P) 
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(b) Ifk>l, 

V M » I^( m ' fe ' )|2 f3 -(7Z+7B) 

2^j=i I e 



< c 

M m -! |~(m,fc-l,m-l), 2 ~ m ' 



(c) For \ < p < m — 1, 

^Mp i~(m,fc,p),2 -( 7z+7s ) 

V M p-J I ~ 1) |2 

2^.7=i 1°,/ 



Proof. (Double induction on A; and p.) Fix a constant C m such that the 

|5-(. m ' ' )|2 w n(m-l) e (m-l)( 7z +7i5) 



„- y'^"'- 1 I ~(wi,0,m— 1) |2 

z^,=i F.7 r 



and 



V M o I ("t-,0,0) 1 2f ,(n-l)(m-l)„(m-l)7B 

S U P — U 7 n T\ < Cn 

7 v^M m _i , (m,0,m-l)|2 ~~ 

Z^,=i Inl- 



and for all < p < m — 2, 



y^iVp+l | 5 .( m ,0,P+l)|2 w -n e -( 7z +7 B ) 

2-?=i l a i I 



and 



Y Np+1 | Cr ( m '°' :P+1 )| 2 a ;-( n - 1 ) e -7i5 _ 
SU P 1m.. . ^n„V„ ^ ^ 



2-?=i \ a j I 

(fc = 0) We set erj™' '^ := crj m ' 0,p ) an d simply observe that 



V M P |~(m,0,p)|2_-(7z+7 B ) 



(/c > 1) Assume the result has been proved for k — 1. 

((p = 0)): Consider the sections (s^ m ' ) )® fc <g) uj" 1 ' 0,0 ^ anc [ define the semi-positively curved metric 

Mm-! 

i i \~(m,k— l.m— I)i2 

for the line bundle (mk — l)(Kx + Z + E) + A. Observe that locally on Z, 



. K0,0)i2 p -(<pz+<p E ) 

|(4 m) AiT) k ®(T! mAO) | 2 e -^^,o+^) = | s M Adr m|2lX ' 

lw J 1 * 1 v-^Mm-i I (m,0,m- 1) | 2 



< I H|2 p-^z+Vfi) 

Moreover, we have 



-ldd(ip k ,e,o + <Pe) > and fiy/^ldd(ip k ,e,o + <Pe) > \f^lddip z . 
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Finally, 



Jz 



k (9) a ( m ' >ty\2 e -(^k,e,o+<PE) 



■ (m,0,0)i2 J m -l) 7E -(( m -l) 7E+lfiE ) 
(m),2i 3 1 ~ , 

^ ? n < +00. 

M m _i I (m,0,m— 1)|2 



Z-,j=l 



We may thus apply Theorem 0] to obtain sections 

~(m,fe,0) G ff0(X) mA; (^ x + z + E ) + A)) l<j<M ,l<£< N m , 



such that 



and 



.(m,fe,o)| Z = (a M)»* g, ^,0,0) A ((£r) ®*m 1 < j < M , 1 < ^ < AT m , 



, , ^ r ^ | cr (°)|2 e -(¥'i5+^) 

|~(m,A,0)|2 „-(^ M , +¥>.z+^e) < aOtt// / h (m) l 2 '"j 1 

|fT i/ |e S^TTfi \S e I ^ (m-l)| 2 - 



Summing over j, we obtain 

Z^=i I e 



< sup e 



^M„,_i |.(m,fc-l,m-l)|2 

X 2^i=i I 

v-Mo |~(w,*,0)|2 „-(^ z + VB ) 



y v^Af m _i I ~(m,fe— l,m— 1) |2 



y-A/o I (m,0,0)| 2 - VE 
< 407rsupe^ + ^-^^ / |>)|2.^i=il j ! 



^ Jz v^M m _i | (m,0,m-l)| 2 

< 40vrC m SUpe ¥,z+ ^- 7z - 7B / | s ( m )|2^-(n-l)(™-l) e -((m-l) 7B +^) 

= 40vrC m sup e v*+vn-Trz-iB . 
x 

({1 < p < m — 1)): Assume that we have obtained the sections a^' k ' p ~ 1 ' , 1 < j < M p _i, 1 < £ < 
iV m . Consider the non-negatively curved singular metric 

iWp-i 

Vv,p := log 2^ I 
i=i 

for (km + p- l)(K x + Z + E) + A. We have 

I (m,0,p)|2 g-fe+^E) 
> ® a i |e -^A/ p _!, (mAp-l)|2 ~ 



which is locally integrable on Z by the hypothesis (T). Next, 



a (m,0,p)^ e -<p E 



M p -l , (m,0,p-l). 



Z V JWp r Icr^ 



< C * / e7Z T —f n ^ < +°°> 

- ' r-iMp-i | (m,0,p-l)| 2 



where 

z 

Moreover, 

\^ldd(ipk,£,p + <Pe) > and y/^ldd(^ kt e >p + tp E ) > \[-Xddy Z - 
By Theorem ^ there exist sections 

- ,(m,k,p) G R (mA , + p) ^ + z + E) + A) ( 1 < j < M 

such that 

-(m,M| Z = ® a-^'°' p) A ( d Tf km+ P, l<j< M p , 

and 

,(m,0,p)\2 e - VE 



'X 

Summing over j, we obtain 



(m,M|2 e -«> M , p +^+^) < 40 / _±J 



y Mp r \d ( ' ' p ' 2 x Jz 

^3=1 I 3,i 1 

C m := 407r/iC m max(/ u/\ supe ^+^+^-7z-7 B; supe <Pz+VB-7z-7E / 
Vjx X X J z 



Letting 



iz 



completes the proof. □ 

4. Construction of the metric 

4.1. A metric associated to m(Kx + Z + E). Fix a smooth metric e -1 ^ for A — > X. Consider 
the functions 

- = log V^ | (5 .("i,fc,p)|2 u; -n(mfc+p) e -(A : m(7 Z +7 £ ;)+V') ) 
£,N / j j 

where Af = mfc + p. Set 



i A (m) 

Lemma 6. For any non-empty open subset V <Z X and any smooth function f : V — > R+, 

SUPy / ' 



^ \ 

£ ,JV 



^/ v (4™>-AW)/^<log(- 



Proof. Observe that by Proposition |SJ there exists a constant C m such that for any open subset 
V CX, 



i(m) \(m) 

A^-V-i)/ w ™<C m sup/, 



and thus 

N, 

\' m > — v m ' 



i)/w» = V / (e A ^- A ^-i)/^<Ar m c m sup/. 

v 



An application of (the concave version of) Jensen's inequality to the concave function log then 
gives 

X m C m 



* /^>-A«)/^lo g ( 



The proof is complete. □ 
Consider the function 

aH_ ^ \(m) 

~ k mk ' 

Note that is locally the sum of a plurisubharmonic function and a smooth function. By 

applying Lemma and using the telescoping property, we see that for any open set V C X and 
any smooth function / : V — > M+, 



(m) f n / i ( N mC m SUpy / 
r f n I "fc ^ <"ilog =—— 



(1) __ / Aj^/^mlo. 



Proposition 7. T/iere exists a constant such that 

Ajf } (x) <C^ m \ xGX. 

Proof. Let us cover X by coordinate charts V\, V/v such that for each j there is a biholomorphic 
map Fj from Vj to the ball B(0,2) of radius 2 centered at the origin in C n , and such that if 
Uj = Ff 1 (B(0, 1)), then U%, U N is also an open cover. Let Wj = Vj \ Ff 1 (B(0, 3/2)). 

Now, on each Vj, A^ is the sum of a plurisubharmonic function and a smooth function. Say 

9 on Vj, where h is plurisubharmonic and g is smooth. Then for constant Aj we have 

sup < sup g + sup h 

< sup g + Aj / h ■ Fj*dV 

Uj JWj 

< supg - Aj / g. Fj*dV + Aj / A<; m) • Fj*dV 

Ui JWi JWi 



d m) := sup 5 — Aj I g-Fj*dV 



Let 

and define the smooth function fj by 

fjuj n = Fj^dV. 
Then by (J2) applied with V = Wj and f = fj, we have 



sup A w < &r ] + mA 3 log NmC rTi iSi ) / /i- n 



Letting 



CH := max cf > + log ( j^!^ 



completes the proof. □ 

Since the upper regularization of the lim sup of a uniformly bounded sequence of plurisubhar- 
monic functions is plurisubharmonic (see, e.g., jH-901 Theorem 1.6.2]), we essentially have the 
following corollary. 



Corollary 8. The function 



K^ m \x) := lim sup lim sup A.^ n '(y) 



is locally the sum of a plurisubharmonic function and a smooth function. 

Proof. One need only observe that the function A/% is obtained from a singular metric on the line 

bundle m(Kx + Z + E) (this singular metric e~ K k will be described shortly) by multiplying by a 
fixed smooth metric of the dual line bundle. □ 

Consider the singular Hermitian metric e~ K<m) for m(Kx + Z + E) defined by 

e -«( m ) _ e -A(" 1 > w -nm e -m(7 Z +7 Ji ) 

This singular metric is given by the formula 

e -«( ) (x) _ eX p I _ j- m gU p jj m gU p K (m) ^ 



where 

The curvature of e K * is thus 



( m ) A ( m ) / i \ 

-A! ' -nm -m^z+lE) 



rr Nm N ° 1 



k 3,* ' k 

1=1 j=l 

k 

We claim next that the curvature of e~ K is non-negative. To see this, it suffices to work locally. 
Then we have that the functions 

4 m) + ^ 

are plurisubharmonic. But 



lim sup lim sup + — tp = lim sup lim sup dj^ = d m>> 

y—*x fc-+oo n y-+x k-*oo 

It follows that is plurisubharmonic, as desired 



4.2. The metric for Kx + Z + E; Proof of Theorem^ Let e m be constants, chosen so e m \ 
sufficiently rapidly that the sum 



oo , oo 



:= Y, = £ exp(i^ m ) + loge m ). 

m=l m=l 

converges everywhere on X (to a metric for — (Kx + Z + E)). It is possible to find such constants 
since, by Proposition each K ( m ) is locally uniformly bounded from above. (The lower bound 
e K m > is trivial.) Moreover, by elementary properties of plurisubharmonic functions, k is 
plurisubharmonic. Indeed, for any r E N, the function 

r 

VV := log ex P(^ (m) + lo g £ m) 
m=l 

is plurisubharmonic, and ip r f k. It follows that k = sup r ip r is plurisubharmonic. (Again, see 
H-90 ( Theorem 1.6.2].)Thus e~ K is a singular Hermitian metric for Kx + Z + E with non-negative 
curvature current. 
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Observe that, after identifying Kz with {Kx + Z)\Z by dividing by dT, 

/ Nm \ 1 M 

(m), 7 , / l ( m ) 1 2 I , 1 i l (w,0,0)l2 

4 l^ = iog 2J S ^ I + fc lo szJ< 7 } I • 

\e=i J j=i 
Thus we obtain e~ R{m) \Z = fefe l^l 2 ) ^ It follows that 




In view of the short discussion following the proof of Proposition |3J the metric e K satisfies the 
conclusions of Theorem ^ The proof of Theorem^ is thus complete. □ 

Acknowledgment. I am indebted to Lawrence Ein and Mihnea Popa. It is to a discussion with 
them that the present paper owes its existence. 
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